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Abstract . Dispersion relation, associated current and growth-rate of the kinetic Alfvdn wave in the presence of parallel electric Held and an 
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1. Introduction
S m all-sca le  in ten se  d is tu rb a n c e s  o f  th e  e lec tric  fie ld  are  
co n stan tly  m e a su re d  by  p o la r -o rb itin g  a n d  F re ja  sa te llite s  in 
the a ltitu d e  ra n g e  fro m  9 0 0  km  to  2Rp a b o v e  the  au ro ra l 
io n o sp h e re  [1 - 4 ] .  D ire c t m easu rem en ts  from  sa te llite s  [5 -9 ]  
and  ro c k e ts  [10 ] h av e  sh o w n  th a t th e  d isc re te  flux  o f  keV  
e le c tro n s  re g is te re d  at a u ro ra l zo n e  arc  o ften  c o rre la ted  w ith  
sm all-sca le , lo ca lized  e lec tro m ag n e tic  d is tu rb an ces som etim es 
in te rp re te d  as k in e tic  A lfv6n  w av es  (K A W ).
It h as b e e n  sh o w n  e x p lic itly  th a t f in ite -io n -g y ro rad iu s  and  
e le c tro n - in e r tia  e ffec ts  p ro d u c e  p a ra lle l e lec tric  fie ld  in 
k in e tic  A lfv 6 n  w av es , w h ich  b rin g s  a b o u t co llis io n le ss  w ave- 
p a rtic le  re so n a n t in te rac tio n , re su ltin g  in en h an ced  p lasm a 
h e a tin g  an d  a n o m a lo u s  tran sp o rt.
T h e  v a r ie ty  o f  a p p ro a c h  c o n s id e rs  tra n s ie n t p h en o m en a  
and  e x p la in s  th e  a u ro ra l p a rtic le  acc e le ra tio n  in te rm s o f  
lin ear A lfv 6 n  w av es  p ro p a g a tin g  p a ra lle l to  o r o b liq u e ly  
w ith  re sp e c t to  th e  a m b ie n t m ag n e tic  fie ld  [1 1 -1 7 ] . T hese  
th eo rie s  m a in ly  d e sc r ib e  th e  f ie ld -a lig n e d  cu rre n t an d  p a ra lle l 
e lec tric  fie ld  a s so c ia te d  w ith  k in e tic  A lfv en  w av es w hich  
have  orig inated* in  so m e m a g n e to sp h e ric  g e n e ra to r reg io n  
via im p re sse d  p e rp e n d ic u la r  an d  tim e  v a ry in g  e le c tr ic
fie lds [18]. T h ere  is o b se rv a tio n a l e v id e n c e  fo r p a ra lle l 
e lec tric  fie lds as la rge  as 100 m V /m  a lo n g  a u ro ra l fie ld  lines 
[19 ,20 ]. V ariety  o f  th eo rie s  have b een  p ro p o se d  to  ex p la in  
the d ev e lo p m en t o f  pa ra lle l e lec tric  fie ld s on  the  au ro ra l fie ld  
lines [1 8 ,2 1 ], such  as d o u b le  lay er p ro cess , e le c tro s ta tic  
sh o ck  m o d el and  o th e rs  [22 ]. T h e  s ta tic  m o d e l co n s id e rs  the  
d .c. e lec tric  field  w hich  is d ev e lo p e d  w hen  tw o  d iffe ren t 
d y n am ica l co n d itio n s  p rev ail b e tw een  the  io n o sp h e re  and  
m ag n e to sp h ere . T h e  p u rp o se  o f  th is  p a p e r  is to  in v es tig a te  
th e  e ffec t o f  such  a  s ta tic  p a ra lle l e lec tric  fie ld  on  th e  k in e tic  
A lfvdn w ave  a ttrib u ted  to  the au ro ra l a c ce le ra tio n  p ro c e sse s  
in the in h o m o g en eo u s m ag n e to sp h ere .
In the  recen t p ast, th e  m eth o d  o f  p a rtic le  a sp e c t an a ly s is  
w as u sed  by  B a ro n ia  and  T iw ari [17] to  an a ly se  A lfvdn  w av e  
and  k in e tic  A lfvdn w av e  fo r th e  h o m o g e n e o u s  m ag n e tic  
field . O u r p u rp o se  in th is  p a p e r is to  in v es tig a te  th e  e ffec t 
o f  p a ra lle l e lec tric  fie ld  on th e  k in e tic  A lfv6n  w av e  in th e  
p resen ce  o f  an in h o m o g en eo u s  m ag n e tic  fie ld  in a  low  p  
p la s m a  u s in g  th e  p a r t ic le  a s p e c t a n a ly s is . T h e  b a s ic  
a ssu m p tio n s  a rc  th o se  o f  e a rlie r  w ork  on th e  k in e tic  A lfv6n  
w ave  [17] in w hich  th e  pla.sm a h as b een  c o n s id e re d  to  
c o n sis t o f  re so n a n t an d  n o n -re so n a n t p a r tic le s  an d  th e
’Corresponding Author © 2001 I ACS
556 A K Dwivedi, P Varma and M S Tiwan
w av e  g ro w th  w as  d is c u sse d  b y  th e  en erg y  co n se rv a tio n  
m e th o d .
W e h av e  c o n s id e re d  a  k in e tic  A lfv ^n  w av e  p ro p a g a tin g  
o b liq u e ly  to  th e  c o n s ta n t m ag n e tic  fie ld , an d  tw o  d iffe ren t 
p o te n tia ls  in th e  x z p la n e  fo r  th e  e v a lu a tio n  o f  th e  ch a rg ed  
p a r tic le  tra jec to ry . T h e  d ire c tio n  o f  th e  d en sity  g ra d ie n t an d  
m a g n e tic  fie ld  g ra d ie n t is a lo n g  th e  ^ -a x is .
T h e  o rg a n iz a tio n  o f  th is  p a p e r  is as  fo llo w s. In  S ec tio n  
2, w e e v a lu a te  th e  tra je c to r ie s  o f  th e  ch a rg ed  p a r tic le s  an d  
in S ec tio n  3, th e  d en s ity  p e rtu rb a tio n  is co n s id e re d . In 
S e c tio n  4 , th e  d isp e rs io n  re la tio n  is d e riv ed . S ec tio n  5 d ea ls  
w ith  th e  c u rre n t d e n s itie s  an d  in S ec tio n  6 , th e  en e rg y  b a lan c e  
an d  g ro w th  ra te  are  e s tim a ted . M a rg in a l s tab ility  c rite r ia  is 
d e r iv e d  in S e c tio n  7. R esu lts  and  d isc u ss io n  a rc  p re se n te d  in 
S e c tio n  8.
2. B a s ic  t r a j e c t o r i e s
In th e  m a th e m a tic a l a n a ly s is  w e fo llo w  th e  p ro c e d u re  
c o n s id e re d  in  R efs . [17,23™ 26]. T h e  k in e tic  A lfv6n  w av e  is 
a ssu m e d  to  s ta r t  a t / ~  0  w h e n  th e  re so n a n t p a rtic le s  a re  
u n d is tu rb e d . T h e  m ain  in te re s t lies in th e  b e h a v io u r  o f  th o se  
k in e tic  A lfv ^n  w a v e s  w h ich  sa tis fy  th e  c o n d itio n s
^?ii' T  n „ n , \ k i p ] « k jp j  < \ ( I )
'‘II
w h e re  K711/ ^nd  Vr\\,. a re  th e  m ean  v e lo c itie s  o f  io n s and  
e le c tro n s  a lo n g  th e  m a g n e tic  f ie ld , 1 7 ,,  ^ a re  g y ra tio n  
fre q u e n c ie s  a n d  A u -  th e  m ean  g y ro ra d ii o f  th e  re sp e c tiv e  
sp ec ie s , an d  /l|| a re  th e  c o m p o n e n ts  o f  rea l w av e  v e c to r
k p e rp e n d ic u la r  an d  p a ra lle l to  th e  m a g n e tic  fie ld .
We b eg in  w ith  the  tw o  p o te n tia l re p re se n ta tio n s  o f  w av e  
e le c tr ic  f ie ld  o f  th e  fo rm  [1 7 ,2 7 ]
an d  E|| ~  -V |jV /
to  d e c o u p le  th e  c o m p re ss io n a l m o d e  an d  th e  w av e  e le c tr ic  
fie ld .
= (ff\ C0s(k^x +  ^||2 -  6)t) ,
ip c o s (^ IX  +  k f  -  aJt) , (2 )
w h e re  an d  y/\ a re  a ssu m e d  to  b e  a s lo w ly  v a ry in g  fu n c tio n  
o f  tim e  /, a n d  a) is th e  w av e  fre q u e n c y  w h ich  is a ssu m e d  as 
rea l.
T h e  e q u a tio n  o f  m o tio n  o f  p a r tic le  is
w h e re  th e  c o llis io n  b e tw e e n  p a r tic le s  a re  n e g le c te d , q is 
c h a rg e  an d  m is th e  m a ss  o f  th e  p a r tic le  an d  c re p re se n ts  th e  
velocit>^ o f  lig h t. T h e  v e lo c ity  v c an  b e  e x p re s se d  a s  a  sum  
o f  th e  u n p e r tu rb e d  v e lo c ity  y  an d  th e  p e r tu rb e d  v e lo c ity  u ,
i.e. V = K + w ,  u is d e te rm in e d  by  the  fo llo w in g  se ts  o f  
e q u a tio n s  [17]
X sm{kxx k\\Z -  cot),
X s in (^ x x  +  k f^ -  cot), (4 )
w h ere  1/4 =  +  iUy, 0 is the  in itia l p h a se  o f  v e lo c ity , £2 -
qBo/mc. Uj an d  Uy a re  th e  p e r tu rb e d  v e lo c itie s  in  th e  jc and 
y  d ire c tio n s  re sp ec tiv e ly . T h e  s lo w ly  v a ry in g  q u a n titie s  ^1 
an d  y/\ a re  tre a te d  as a  co n stan t. W e s ta r t b y  ta k in g  the 
tra je c to r ie s  o f  free  g y ra tio n  as  [2 4 ,2 5 ,2 8 ]
jc(/) =  xq + - ^ [ c o s ( / 7 r  - 0)^ co s  0] +
^ “•“^ [ s i n ( 2 / 2 f - 2 ^ )  +  sin26^]
+ ( c o s / 2 r - l ) s i n 2 ^ - 2 s i n l 7 / c o s ^  ^ | ,
>>(0 =  Vo + - ^ [ s i n ( / 2 f  -  (9) +  s in  0] +
X | y [ - c o s ( 2 i 7 r - 2 ^ )  +  c o s 2 ^ ]
-h 2 ( c o s / 2 / - l ) c o s ^  ^  + s in i7 /s in 2 £ ^ J ,
z ( / ) - z o  +  I^|/. (5 )
w h ere  B' ^dB/ dy is th e  in v e rse  sca le  len g th  o f  the  
m a g n e tic  f ie ld  g ra d ie n t ,  ?q =  (xo,yo»^o) *s th e  in itia l 
p o sitio n  o f  th e  p a rtic le s  a t / =  0 , w h e re  th e  w av e  is a ssu m ed  
to  s tart.
E q . (4 )  is  so lv e d  by  re p la c in g  th e  c o o rd in a te s  o f  ch a rg ed  
p a r tic le s  to  th a t o f  free  g y ra tio n , w h ich  p ro v id e s  th e  p e rtu rb ed  
v e lo c ity  w (/) , an d  can  b e  fu r th e r tr a n s fo rm e d  to  u(r,t)  by 
th e  u se  o f  eq . (5 )  o n c e  ag a in .
T h u s ,
= - y r r ) j
a„
2 A — C O s ( ^ ^ - y l „ _ ,0 L1-1 J
(3 )
-  V'l ) ]
X At All
[  a„
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(6 )
X N - u , \ r . t J ’) ~ { y ,V ) ^ (8 )
w h ere  ^5= 0  fo r  th e  n o n -re so n a n t p a rtic le s  an d  S ^  1 fo r the 
re so n a n t o n e  an d
Ob
^ 1 =  X  •^nl(“ l V " 2 ( « 2 / 2 ) ^ „ 3 ( a 2 / 2 )
n6 = - “
 ^ J„^{a2 l 2 )J„s{a2 l 2 )J„f,{ajl2 ),
A. =
/,./2
y/i (ofi )J /2  ( a i  / 2 ) J / 3 ( a 2  /2 )
^ ‘^ / 4 ( o ^ 2 /2 ) ^ /5 ( a r 2 /2 ) j /5 ( a 2 /2 ) ,
« ]  = ( ^ 1  V U l f f ) ,
/ ! „  = -  ft? + a 2 f ^ “  ('^i “ 2«2 + « 3  + +/7^
=  -co-^a2^-yiQ^
al ~ , f7 = (« | -  2^2 ^
‘fn/ = +  ^IF -  + { -(^ 1  -  /l ) -*■ 2 (^2  -  /2 ) -  (^1 -  /3 )
- ( M 4 - / 4 ) - ( f 7 5 - / 5 ) - ( M 6 - / 6 ) }
X i 7 /  + (/7| - / | ) . ( ; r / 2  +  ^ )
. - { ( , l 2 - / 2 ) - ( ' » 3 - / 3 ) “ K - / 4 ) } . 2 ^ -  (7 )
A lso  use  w as m o d e  o f  th e  fo llo w in g  e x p re s s io n s  :
00
e x p [ - / > s i n ( 0 - / 3 / ) ]  =  ^  J „ ( / / ) e x p [ - 2 n ( ( 9 -  Ol)],
-oc
00
c o s ^ e x p [ - / / / s i n  O] = —^J„(p)eKp[-inO].
-00
In te g ra tio n  o f  eq . (6 )  g iv e s  th e  p e rtu rb e d  c o o rd in a te s  o f  the  
p a r tic le s  X, y, z w h ic h  in a d d itio n  to  tra je c to r ie s  o f  free  
g y ra tio n  e x h ib its  th e  tru e  p a th  o f  th e  p a rtic le s . In  v iew  o f  th e  
a p p ro x im a tio n s  in tro d u c e d  in th e  b e g in n in g , th e  d o m in an t 
c o n tr ib u tio n  c o m e s  fro m  th e  te rm  n\ =  0. T h e  re so n a n t 
c rite r io n  is g iv e n  b y  = 0 .  T h e
p a r tic le s  sa tis fy in g  th e  a b o v e  c o n d itio n  a re  c a lle d  re so n an t. 
Js a re  B e sse l 's  fu n c tio n s  w h ic h  a rise  fro m  th e  d iffe ren t 
p e rio d ic a l v a r ia tio n  o f  c h a rg e d  p a r tic le s  tra je c to r ie s . T h e  
te rm  re p re se n te d  b y  B e sse l 's  fu n c tio n s  sh o w s th e  red u c tio n  
o f  th e  f ie ld  in te n s itie s  d u e  to  f in ite  g y ro ra d iu s  effec t.
3. Density perturbation
In o rd e r  to  f in d  o u t th e  d e n s ity  p e r tu rb a tio n  a sso c ia te d  
w ith  th e  v e lo c ity  p e r tu rb a tio n  u(r,t ,V),  w e  c o n s id e r  th e  
e q u a tio n  [1 7 ,2 3 ]
w here  A ( f )  rep resen ts  the  ze ro th -o rd c r d is trib u tio n  fun ctio n . 
T h e  eq. (8 ) is d e riv ed  by the c o n se rv a tio n  o f  p a r tic le  n u m b ers  
[23] and  p e rtu rb ed  q u an titie s  n\{r^t,y) and  u{rj, d e p en d  
on  in s tan tan eo u s  v e lo c ity  V. S in ce  th e  d en sity  n\(rj,  f )  and  
v e lo c ity  «(/*,/, a re  d e p e n d in g  on  v e lo c ity  th e  a v e ra g e  v a lu e  
o f  d en sity  is o b ta in ed  as th e  in teg ra ted  p e r tu rb e d  d e n s ity  in 
eq  (1 2 ). E x p re ss in g  the r ig h t-h a n d -s id e  o f  th e  eq . (8 )  as a 
fu n c tio n  o f  t [24] and  a fte r in teg ra tio n , w e o b ta in  th e  
p e rtu rb e d  d en sity  fo r  n o n -re so n a n t an d  re so n a n t p a r tic le s  in 
the p resen ce  o f  the k in e tic  A lfv6n w ave fo r th e  in h o m o g en eo u s  
p lasm a  as
n,{Tj) = N{V)A,A2 ^  m {^1 - ¥ \ )
k\ n^Vjki^m\ k} 
-2  A„alT^ ]  A],
cos4„i
and  fo r re so n a n t p a r tic le s  as




c o s ^ „ ,  +  2 ^ ^
«+l
/ \ \ 1 2 kj_mn\X C O s(^„/-y1 ,,^ ir)[^A :_L -- -jr------J
AJi_ ~ 2 0 A„_\
X cos(^„, -  A„.,/)l^kl + j |  +
X  {cos^„, +A„(sin(^„,-A„l)
-cos(4^-A„l)}j, (1 0 )
w h ere  is th e  d ia m a g n e tic  d r if t v e lo c ity  w h ich  is d e fin e d  
b y
V,j=-- I I \ m  _ Ti
\
mH N dy mCi
an d  0  re p re se n ts  th e  h o m o g e n e o u s  p la sm a . T o  d e te rm in e  
th e  d isp e rs io n  re la tio n  an d  th e  g ro w th  ra te , w e  u s e  th e  b i- 
M a x w e llia n  p la sm a  w ith  d e n s ity  d is tr ib u tio n  [2 4 ]
=  A ( o [ l -  e [ y  +  ^ ] j A ( K L ) y f | ( ^ [ | ) ,
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w h ere  / j  i ) -~ y ^ y " e x p [ - / / 7 r / / - T ' l  ] , (11)
J /2
m
2 V 7 ;l!^
ex p
7 ; 1 + /
.eEo.k
k^TlU^
w h ere  k = (k l + .
M ere, T± and  1\ a rc  th e  p e rp en d icu la r and paralle l tem pera tu res 
(in  en e rg y  u n its )  an d  g is a sm all p a ra m e te r o f  the o rd e r o f  
in v e rse  o f  th e  d e n s ity  g rad ien t sca le  leng th , fh e  e x p re ss io n  
fo r is o r ig in a lly  d e riv e d  by P in es and  S chricfl'c r [29] 
a d o p tin g  th e  r ig o ro u s  tre a tm e n t o f  k in e tic  ap p ro ach  fo r 
c o lle c tiv e  b e h a v io r  o f  so lid  sla te  p lasm a. T h ey  h av e  a rriv ed  
at th e  re su lts  w h e re  th e  p a ra lle l e lec tr ic  field  £ 0  is e lim in a ted  
by  a d o p tin g  th e  e x p re s s io n  fo r 7||  ^ e x p re ssed  as ab o v e . T h e ir  
w o rk  a lso  d e sc r ib e s  th a t th e  w av e  v e c to r k at an  an g le  to  
th e  E{) (eq . 2 .24 o f  R e f  [29]). T h ey  hav e  c lea rly  m en tio n ed  
th a t the s ign  o f  th e  eft'ec t d e p e n d s  upon  b o th  the ch arg e  o f  
th e  p a rtic le  a n d  th e  an g le  b e tw een  Eo and  k . T h u s it is tru e  
fo r  th e  fin ite  ki  a lso . In th is  d e sc r ip tio n  the  p a ra lle l e lec tric  
f ie ld  E() is su f f ic ie n tly  w eak  th a t the  d rift v e lo c ity  o f  th e  
c h a rg e d  p a r tic le s  is m u ch  sm a lle r  th an  th e  p h ase  v e lo c ity  o f  
th e  w av e . ey/IT^  ^ < 1 an d  tim e  sc a le s  a re  such  that the 
re la x a tio n s  a re  n e a rly  M ax w e llian  an d  the  ru n aw ay  c o n d itio n s  
o f  the  e le c tro n s  a re  e x c lu d e d  by  th e  sam e re a so n in g  as 
d is c u sse d  by  T iw ari a n d  V arm a [24J. H ere  w e fo llo w  the 
te c h n iq u e  o f  P in e s  a n d  S c h rie n ffe r  [29 ] and  B ers  an d  B ru eck  
[3 0 ], w h e re  a c h a n g e  in th e  z e ro th -o rd e r  d is tr ib u tio n  fu n ctio n  
is d u e  to  th e  re s u lt o f  c h a n g e  in the  te m p e ra tu re  p a ra lle l to  
th e  p a ra lle l e le c tr ic  fie ld  £ q- T h is  m e th o d  w as fu r th e r 
c o n s id e re d  b y  M isra  et al [31 ] fo r  th e  in v es tig a tio n  o f  
w h is t le r  m o d e  in s ta b ili ty  an d  T iw ari an d  V arm a [24] fo r the  
in v e s tig a tio n  o f  d r if t in s tab ility . T h e  e x is ten ce  o f  p a ra lle l 
s ta tic  e le c tr ic  f ie ld s  in th e  p re se n c e  o f  K A W  on  au ro ra l fie ld  
lin e s  m ay  b e  th e  m a tte r  o f  fu r th e r d eb a te .
4 . D is p e r s io n  r e la t io n
T o e v a lu a te  th e  d isp e rs io n  re la tio n , w e ca lc u la te  th e  in teg ra ted  
p e r tu rb e d  d e n s ity  fo r  n o n -re so n a n t p a r tic le s  asCIO 00
=  J 2 ; r  VidVi_ ( , 2 )
0 -00
W ith  th e  h e lp  o f  eq s . (9 )  a n d  (1 1 ) , w e f in d  th e  av e ra g e  
d e n s itie s  fo r  in h o m o g e n e o u s  p la sm a  as
4 s-e? r/||.
W
T ak in g  a co m p lex  o f  the  fo rm
\ i '-
V /) / (4  w ( [ 1  + (c-- //» ,? ) ’ >'/V ] )  ( '  3h)
In th is m o d el, th e  e v a lu a tio n  o f  d isp e rs io n  re la tio n  and 
g ro w th  ra te  is b a se d  u p o n  th e  real q u an titie s  an d  c o n c e p t o f  
im ag in ary  q u an tity  in v a rio u s  p a ram e te rs  h as n o t been  
ad o p ted , fh e re fo re , in d en sity  a lso  o n ly  real te rm  h as been 
co n s id e re d  o th e rw ise  the  d isp e rs io n  re la tio n  w o u ld  have 
b een  co m p lex  d u e  to  th is  im ag in a ry  te rm  w h ich  v io la te s  the  
b a s ic  p rin c ip le . It is o b se rv e d  th a t e ssen tia l fea tu re  o f  
th e  k in e tic  A lfv cn  w av e  is re ta in ed  ev en  in th is  ideal case. 
F o r  M a x w e ll 's  e q u a tio n  w e  u se  th e  q u a s i - n e u tr a l i ty  
co n d itio n  [32]
n, n,
to  w e g e t the re la tio n  b e tw een  ^  and  y/ as
'/It'T2?
CU^ \  ) (I)
(1 4 )
U sin g  p e rtu rb e d  ion an d  e le c tro n  d e n s itie s  n, an d  n^. and  
A m p ere 's  law  in the p a ra lle l d ire c tio n  [32 ], w e o b ta in e d  the  
eq u a tio n
^  v / 2  /  A  \  d  j
(1 5 )
w h e re  j t / f f |[ ( y V ( ^ ^ ) w ,( f ,0 + ^ | |« i ( r ,0 ) ^
- ( / V ( F ) u , ( r , 0  +  l t i « , ( r . 0 ) J .
J2 is th e  c u rre n t d e n s ity  w h ic h  is c o n tr ib u te d  b y  f irs t-o rd e r 
p e rtu rb a tio n s  o f  d e n s ity  an d  velo c ity . W ith  th e  h e lp  o f  eqs. 
(1 4 )  an d  (1 5 ) , w e o b ta in  th e  d isp e rs io n  re la tio n  fo r  th e  k in e tic  
A lfv c n  w av e  in in h o m o g e n e o u s  p la sm a  as
(
n = - >
' 4 ;re
0 - * x A )  , ( 1 3 a )  "  c ^ n ^ k l [ m , y
l - - ^ £ ) .
f  ^ i K i  j  e g
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V ______________ . _ k L
[  p, V ' ” < ) ^ne ]
(O
i^r com, COCO k . (1 6 )
and - m,n,
w h ere  cf = ----------
IS th e  sq u a re  o f  io n -a c o u s tic  sp e e d  a n d  
c^f?:
0 0
X ^( A^ +  W | ) ( F  + k ) - A ^ k |
and J  = J ,  -  J , ,
(17)
W ith  th e  h e lp  o f  eqs. (6 ) , (9 )  an d  (1 1 )  w e o b ta in
K o e 'k X A  v M x - V x )
J . = -
CO
( 2 t u - 4 a > f l J
IcOs' H e
,*11 ^ r ik [ ‘ +  "'c) ^0 / * ^ ' r V ]
4o)^0}n,[\-{e^/ml)Ei/k^  ]
*lf *Vik.[l +  ) £oV *^ ^i\e I
, ( 1 8 )
J,. =
2 m ; / ? ;
^  H i  ^ 2  7^ 1
f ' * | | ( l ^ | - V ' i ) v ' i  1 ( I - * 1 p ? ) .  (1 9 )
S im ilarly , fo r  th e  c u rre n t in th e  z -d ire c tio n
j  ^ p g V i M  ____ ( ^ i - v ' i )
{2 o}-eo„^)ip^
is th e  sq u a re  o f  A lfv e n  sp eed . T h e  d isp e rs io n  re la tio n  o f  the  
k in e tic  Alfv(^n w a v e  re d u c e s  to  th a t d e riv e d  by  H ase g a w a  an d  
C h e n  [1 7 ]  a n d  B a r o n ia  a n d  T iw a r i [3 3 ]  u n d e r  th e  
a p p ro x im a tio n , v'^ = 0 ,  ey ,=  0  an d  /o ( A , ) e x p ( - - > l , ) ~  1
for X^=]^k\p] < \  as  w c h a v e  ap p lie d . 7o("^/) 
m o d ifie d  B esse l fu n c tio n .
S. C u r r e n t  d e n s i ty
S in c e  th e  .a v e ra g e  v a lu e  o f  c u rre n t v a n ish e s  w h ich  is 
c o n tr ib u te d  b y  f irs t-o rd e r  p e rtu rb a tio n s  o f  d en sity  an d  v e lo c ity  
due to  th e ir  p e r io d ic a l v a ria tio n s , w e  e v a lu a te  th e  a v e rag e  
c u rre n t p e r  u n it w a v e le n g th  w h ich  is th e  se c o n d -o rd e r  
p e rtu rb a tio n . T o  e v a lu a te  th e  p e r tu rb e d  c u rre n t d en sity  p e r  
u n it w a v e le n g th , w e u se  th e  fo llo w in g  se t o f  e q u a tio n s
A oo 00
7, „ = j d s j 2 ti J d V f
COHe
« i f K , V [ l + k = K ) ^ . V ‘ = ' ' n . r  




.  < y l ^ 4 [ l - ( e V 'w ? ) l ^ o / * ^ ^ r i | , ]
3k c^o H i
CO
y'\ K ' - * ! / ’? ) . (2 1 )
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S u b s titu tin g  e q s . (1 9 )  a n d  (1 8 )  in eq . (1 7 ) , w e  o b ta in
(O
( 2 f t i - 4 m ^ ) _ _______
¥\
2(0




_________________ ( ^ i - v ^ i)
8 ;r  ] /^2
_______  _________
4 ty  2 tt> ft, [ 1 -  ( e 7 W ) £ o  ^ rV  ]
*1? ^ 7 > [ '  ^ rV
 ^ [ i - ( e 7 « f ) £ : o V * ^ f ^ l




e le c tro m a g n e tic  k in e tic  A lfv en  w av e  an d  the  co n tr ib u tio n  
d u e  to  d ia m ag n e tic  d rif i w as n eg lec ted .
6. E n e rg y  b a la n c e  a n d  g ro w th  r a t e
T h e  o sc illa to ry  m o tio n  o f  n o n -re so n a n t e le c tro n s , c a rr ie s  the 
m a jo r  p a rt o f  en e rg y  [2 3 ,2 4 ]. T h e  w av e  en e rg y  d en sity  p e r 
u n it w av e len g th  is the sum  o f  p u re  f ie ld  e n e rg y  an d  the 
ch an g es  in en e rg y  o f  th e  n o n -re so n a n t p a rtic le s  Wtj,. It is 
o b se rv e d  th a t th e  w av e  en erg y  is c o n ta in e d  in th e  fo rm  o f  the 
o sc illa to ry  m o tio n  o f  the  n o n -re so n a n t e le c tro n s  [2 3 ,2 4 ]. 
T h u s
^k}y/}fV^ =fV^  = li ‘ ^pe
(2 4 )
N o w , w e ca lc u la te  th e  re so n a n c e  e n e rg y  IVr of  th e  e lec tro n s  




{ 0 ) l k y ) - A  \\
W ith  the  h e lp  o f  eqs. (6 ), (1 0 ) , ( 1 1) an d  (2 5 ) e x p a n d in g  the 
in teg ran d  a ro u n d  =  Uojk^  ^ /2/2^.A|,) a n d  fo llo w in g
th e  p ro c e d u re  as d isc u sse d  in  R efs. [2 3 ,2 4 ] , in th e  lim itin g  
c a se  o f  k^p^ «  1 w e o b ta in
CO^ I J
TxeOi *1 g/) f .  1 * iV 5
y 2 (O
k 1 . f  1J r gtf (O1^1
(26 )
w h e re  ks -  k.r  an d  k -  In jk  a n d  o>^,  ^ jm  ^^ .
U sin g  th e  law  o f  c o n se rv a tio n  o f  energy ; w e  c a lc u la te  the 
g ro w th  ra te  o f  th e  d r if t k in e tic  A lfv d n  w av e  b y
i i K ^ K )  = o. (2 7 )
W ith  th e  h e lp  o f  eq s. (2 4 )  a n d  (2 6 ) , w e  h a v e  fo u n d  th e  g ro w th  
ra te  o f  th e  d rif t k in e tic  A lfvdn  w a v e  as
y / a , =  ^ " '^ v * i i^ r i ie ________r r , + i _ f ! ^
[]+{eyml)E^,  A'^ rVr '
(2 3 )
In th e  e v a lu a tio n  o f  th e  c u rre n t d e n s itie s , it  w a s  a ssu m e d  th a t 
th e  f ie ld -a lig n e d  a n d  p e rp e n d ic u la r  c u rre n ts  a re  d u e  to  an
-2
l - | ( g V w , 7 £ o V * ^ f V V  
ki y-he [ l +  [e^!m\) El jk^ ] J
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(O
e x p .
0) - 1 i 4
2 f-’e Lq
/Ik
p a ram e te rs  a re  a rb itra ry  an d  m ay  be su itab le  fo r th e  a u ro ra l 
acce le ra tio n  reg io n . The d en sity  in h o m o g en e ity  a n d  m ag n e tic  
fie ld  inh o m o g cp city  re la ted  by is co n sid e red .
Bo -- 4 3 0 0  nT , f2, = 4 1 2  s /tTl,, -  1 keV, *7’,,, =  1 keV,^  /'H _______  ,. '
\* (e V m l)E i lk ^ y } ^ \ I  CS) >■. -  2 0 0 0  e m t e .  ^ j a  -  10
**-1 F ig u r e s  1 anH  7  Q hnw  th p  v n r
w h ere  = - £ u „ ,  = ( 2 7 , „ / m ) ;
re p re se n ts  e le c tro n  d ia m a g n e tic  d rif t v e lo c ity  an d  the 
v a lu e  o f  Q} fo r  th e  d r if t k in e tic  A lfvdn  w av e  has to  be 
su b s titu ted . In  th e  c a se  e ^ =  0 w e re c o v e r  th e  g ro w th  ra te  as 
d e riv ed  b y  B a ro n ia  an d  T iw ari [17 ]. T h e  k in e tic  A lfvdn 
w av es a re  g e n e ra te d  by  d en sity  in h o m o g en e ity  i f  the  m agnetic  
field  in h o m o g e n e ity  is ab sen t. H o w ev er, d u e  to  th e  m agnetic  
fie ld  in h o m o g e n e ity  th e  c o n d itio n  is a lte red .
7. Marginal instability criteria
Tb o b ta in  th e  m in im u m  a m o u n t o f  in h o m o g en e ity  req u ired  
to  g e n e ra te  th e  w av e , w e a ssu m e  ylm =  0. T h u s
1 dB 1
g / j -  1 +
2 r-2e ES
B dy  ^ mlk^V *^nw
(2 9 )
w h ere  F =
[u k v » .n e i/‘=''/„
1 kj_v‘j
2 co^




F ig u res 1 and  2 sho  th e  v a ria tio n  o f  w ave  freq u en cy  co 
(rad /sec ) versm p e rp en d icu la r w ave  n u m b er fo r d iffe ren t
I
3
~ E, • SOmVm'* 
^E. ■ 70 mVm"* 
0 Vm"'
0 003 0 00&
i^P,
Figure I. Frequency (a)) versiis perpendicular wave number (Aipi) for 
different £’o aiid -  0 18, it|| 2 0 x 10 '^  cm '
T h e  v a lu e  o f  e le c tr ic  f ie ld  on  w h ich  th e  g ro w th  ra te  m ay  be 
su b s ta n tia l is g iv en  by
_ X \ t I/2
U y  (3 0 )
, ni T^\\e
T h e  a m o u n t o f  in h o m o g e n e ity  can  b e  e s tim a ted  fo r the 
p la sm a  p a ra m e te r s  m e n tio n e d  in re s u lt  a n d  d is c u ss io n  
and  ^  =  4 2 x 10"^ sec  ' a n d  kj p^^  -  0 .0 0 2  as e /j =  4 .4 6 7  x 
10~^ c m " ^  T h is  p ro v id e s  th e  c h a n g e  in  m a g n e tic  fie ld  a t th e  
sca le  o f  th e  o rd e r  o f  4 .5  K m . T h u s  th e  w av e  ca n  be g en e ra ted  
in th e  p la s m a  sh e e t d u rin g  th e  o n se t o f  su b s to rm  w h en  th e  
th ic k n e ss  o f  th e  sh e e t b e c o m e s  o f  th e  o rd e r  o f  4 .5  K m . T h e  
e s tim a te d  v a lu e  o f  th e  p a ra lle l e le c tr ic  fie ld  is o f  the  o rd e r 
o f  6 0  m V /m  w h ich  is a c c o rd in g  to  th e  o b se rv a tio n s  [19] on 
a u ro ra l f ie ld  lin es.
8. Results and discussion
In th e  n u m e r ic a l e v a lu a tio n  o f  th e  d isp e rs io n  re la tio n , cu rre n t 
an d  g ro w th -ra te , w e  h av e  u se d  th e  fo llo w in g  p a ra m e te rs  fo r 
th e  a u ro ra l a c c e le ra tio n  re g io n  [1 7 ,1 8 ,2 4 ] . H o w ev e r, th e se
v a lu es  o f  p a ra lle l e lec tric  f ie ld  (Eq) fo r  th e  d if fe re n t p la sm a  
/?. In  bo th  th e  fig u res, it is o b se rv ed  th a t p a ra lle l e le c tr ic  f ie ld  
e n h an ces  th e  w av e  freq u en cy  at th e  lo w er v a lu es  o f  k^p  ^ b u t 
less e ffec tiv e  a t h ig h e r p. A t h ig h e r th e  e ffe c t o f
e le c tr ic  f ie ld  is n e g lig ib le . T h e  h ig h e r  m a g n e tic  f ie ld  
in h o m o g en e ity  en h an ce  th e  w av e  freq u en cy . T h e  e ffe c t o f  
b o th , th e  e le c tr ic  f ie ld  an d  m ag n e tic  f ie ld  in h o m o g e n e ity  is 
to  e n h a n c e  th e  p h a se  v e lo c ity  o f  th e  w av e . T h e  in c rea sed  
p h ase  v e lo c ity  from  th e  p a rtic le  v e lo c ity  m ay  c a u se  th e  
a cce le ra tio n  o f  th e  c h a rg e d  p a rtic le s  b y  th e  w a v e  p a r tic le  
in te rac tio n  m ech a n ism . T h e re fo re , th e  p a ra lle l e le c tr ic  fie ld  
in th e  in h o m o g en eo u s  m a g n e to sp h e re  m ay  c o n tr ib u te  to  th e  
acc e le ra tio n  o f  c h a rg e d  p a rtic le s  th ro u g h  th e  w av e .
F ig u re s  3 an d  4  p re d ic t  th e  v a ria tio n  o f  n o rm a liz e d  
g ro w th -ra te  {yla)) w ith  k^p  ^ a t d if fe re n t v a lu es  o f  p a ra lle l 
e le c tr ic  fie ld  £o  a t d iffe re n t p la sm a  p. I t is n o tic e d  th a t th e  
e ffe c t o f  e le c tr ic  f ie ld  a n d  m a g n e tic  f ie ld  in h o m o g e n e ity  is 
to  re d u c e  th e  g ro w th -ra te . T h u s  th e  p a ra lle l e le c tr ic  f ie ld
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c o n tro ls  th e  w av e  a m p lif ic a tio n  in the in h o m o g en eo u s 
m a g n e to sp h e re  an d  tran sfe rs  th e  en erg y  into the p a rtic le  
a c c e le ra tio n .
in the p resen ce  o f  s ta tic  e lec tric  fie ld  a lo n g  th e  m ag n e tic  field  
in the in h o m o g en eo u s  m ag n e to p la sm a  in th e  p re sen ce  o f  
K A W  w hich  m ig h t h av e  g e n e ra ted  in the m ag n e to sp h e ric
3
" E .r  0 Vm ’ 
^E. n70rT*^ m“' 
"'E . a 90 mVm’'
0002 OOOJ
Figure 3. Growth-rate {ylco) versus perpendicular wave number for Figure 6. Same as Figure 5 with 0 46. 
different f ’o and /? = 0 18, it|| -  2 0  ^ 10 cm '
re g io n  by d en sity  in h o m o g en e ity  a t th e  su b s to rm s  tim es  [17]. 
F ig u res  7 sh o w s th e  v a ria tio n  o f  p e rp e n d ic u la r  c u rre n t per 
u n it w av e len g th  w ith  fo r d iffe re n t v a lu es  o f  Eq. It is
F ig u re s  5 a n d  6  re p re se n t th e  v a ria tio n  o f  f ie ld -a lig n ed  
c u rre n t p e r  u n it w a v e le n g th  J. w ith  re sp e c t to  k p^  ^ a t 
d if fe re n t v a lu e s  o f  p a ra l le l  e le c tr ic  fie ld  £ q a t d if fe ren t p. It 
c a n  b e  p re d ic te d  th a t th e  e ffe c t o f  e le c tr ic  f ie ld  is to  en h an ce  
th e  f ie ld -a lig n e d  c u rre n ts  an d  th e  m a jo r  en h a n c e m e n t o ccu r 
in  th e  c u rre n ts  to w a rd s  th e  lo w e r k^p  ^ o f  th e  em iss io n  band . 
A t th e  h ig h e r  m a g n e tic  f ie ld  in h o m o g en e ity , th e  b e h a v io r o f  
th e  f ie ld -a lig n e d  c u rre n ts  d e p e n d s  u p o n  k^p .^ T h e  cu rren t 
d e c re a s e s  a t lo w e r k^p  ^ b u t in c re a se s  a t h ig h e r values. T h u s 
th e  e n h a n c e m e n t o f  th e  f ie ld  a lig n e d  c u rre n t c an  b e  p re d ic te d
Figure 5. Parallel current per unit wavelength {Jg) versus peipendicular 
wave number (AxP) for different £o and 0.18, /th = 2.0 10 cm"’
Figure 7. Perpendicular current per unit wavelength {J^) versus perpendicular 
wave number {k ip t) for different E q and /I “ 0 18, /c|| *  2 0  ^ 10"’  ^ cm"'
seen  th a t th e  e ffec t o f  p a ra lle l e le c tr ic  fie ld  is to  re d u c e  the 
p e rp e n d ic u la r  c u rren t th ro u g h  th e  K AW . T h e  en h a n c e m e n t o f  
p a ra lle l c u rre n t m ay  b y  d u e  to  th e  re d u c tio n  o f  the 
p e rp e n d ic u la r  cu rren t, w h ich  m ay  be  d u e  to  th e  d iv e rs io n  o f  
the  p e rp e n d ic u la r  c u rre n t in  th e  p re se n c e  o f  w av e . T hus, 
p e rp e n d ic u la r  an d  p a ra lle l c u rre n ts  a re  lin k ed  ev e n  in the 
p re se n c e  o f  w av e . T h e  e ffec t o f  m a g n e tic  fie ld  in h o m o g en e ity  
is to  re d u c e  th e  p e rp e n d ic u la r  c u rre n t a n d  th e  e ffec tiv en ess 
is c o rre la te d  w ith  k^p^.
H ere , w e m ay  c o n c lu d e  th a t K A W  can  b e  e x c ited  by 
p la sm a  d en sity  in h o m o g e n e ity  as th e  m a in  so u rc e  o f  free 
e n e rg y  [1 7 ], P a ra l le l  e le c tr ic  f ie ld  a n d  m a g n e tic  field  
in h o m o g en e ity  can  in f lu e n c e  th e  g ro w th -ra te  a n d  cu rren t 
sy s tem  o n ce  th e  w av e  h as  b een  g e n e ra te d  b y  th e  d iam ag n e tic  
d rift. I t  fo llo w s th a t c o n v e c tio n  c h a n g e s  in  th e  eq u a to ria l 
p la n e  o f  th e  m a g n e to sp h e re  in  a  m a n n e r  th a t p ro d u c e s  an 
ea s t-w e s t d en sity  g ra d ie n t A lfv d n ic  d is tu rb a n c e  w ill b e  se tup  
th a t p ro p a g a te  to  th e  io n o sp h e re  le ad in g  to  th e  su b au ro ra l 
re g io n  11 f ie ld -a lig n ed  c u rre n t sy s tem  a n d  th e  a c c e le ra tio n  of
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ch a rg e d  p a r t ic le s  w h ic h  a re  in f lu en ced  by  p a ra lle l e lec tric  
fie ld  an d  m a g n e tic  f ie ld  in h o m o g en e ity  [1 7 ,3 4 ], T h e re  are 
v a rie ty  o f  th e o r ie s  p ro p o se d  fo r  d e v e lo p m e n t o f  p ara lle l 
e le c tr ic  f ie ld  o n  a u ro ra l f ie ld  lines [22 ], D o u b le  layer p ro cess , 
e le c tro s ta tic  sh o c k  p ro c e s s , an o m a lo u s  re s is tiv ity  p ro cesses 
an d  o th e rs  m a y  be  th e  ca u se  o f  th e  d e v e lo p m e n t o f  para lle l 
e le c tr ic  f ie ld  o n  au ro ra l fie ld  lines. O u r a im  in the p resen t 
p a p e r  is to  e x a m in e  th e  e ffe c t o f  su ch  a  s ta tic  p a ra lle l e lec tric  
f ie ld  on  th e  K A W  in th e  in h o m o g e n e o u s  m ag n e to sp h ere .
K in e tic  A lfv 6 n  w av e  m ay  be g en e ra ted  in the d is tan t 
m a g n e to s p h e r e  a n d  b o u n c e  b e tw e e n  io n o s p h e re  and  
m a g n e to sp h e re , se ttin g  a s ta n d in g  w av e  p a ttc n i. T h e  field- 
a lig n e d  c u rre n t an d  c lo se r  cu rre n ts  m ay  b e  the e ffec ts  o f  such 
a p a tte rn  w h ic h  a rc  a ffe c te d  by  p a ra lle l e lec tric  field  and 
m ag n e tic  f ie ld  inhom ogeneity . T he  s tudy  m ay  be o f  im portance 
in th e  e x p e rim e n ta l p la sm a  a lso  [1 7 ,3 5  37].
T h e  p re se n t m o d e l is b a sed  u p o n  D o w so n 's  ap p ro ach  [3 8 | 
to  th e  L an d au  d a m p in g  in w h ich  th e  w av e  freq u en cy  a) and  
w av e  v e c to r  k a rc  a ssu m ed  as  the real. T hus, the  d isp e rs io n  
re la tio n  c o n ta in s  no  im ag in a ry  p a rt and  th e  e v a lu a tio n  o f  
g ro w th  ra te  is d o n e  b y  en e rg y  e x c h a n g e  ap p ro ach  be tw een  
w av e  an d  p a r tic le s  In th is  m o d e l o n ly  p rin c ip a l p art o f  
p la sm a  d isp e rs io n  fu n c tio n  is u sed , th e re fo re , the  g ro w th  ra te  
sh o u ld  no t b e  e v a lu a te d  by th e  d isp e rs io n  re la tio n .
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